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SHORT COMMUNICATION 
I. C. Rae  * 
ABSTRACT 
A class o f  Laplace transforms with singular kernels are manipulated into integrals more amenable 
to analytic evaluation. 
The solutions describing the Stokes flow of an electric- 
ally. conducting fluid between parallel planes, in the 
presence of an inducing Lorentz body force, involve [1] 
an, evaluation of the Laplace transforms 
~+ (p) = f ;  h+ (t) e-Ptdt (1) 
where h+(t)= f(t)g+_(t),g+(t)= (t-+a) -1, (a~),qt) has 
no singularities in the region of integration and tvf(t)ol  
as t-+,oo, (i)> 0). Note that ~(p)  is a Cauchy Principal 
Value integral. Reference to, for example, Erd61yi [2] 
reveals that, in general, a direct evaluation of (1) cannot 
be made in terms of known functions, neither do the 
general Laplace transform formulae help to simplify the 
integrals. The exception occurs when f(t) can be expand- 
ed as a power series in t with an infinite radius of con- 
vergence, for then (1) can be integrated term wise and 
Ya+_ (p) may be expressed [2] as a summation of expo- 
nential integral terms. However, this solution is cumber- 
some and involves a numerical summation which, in 
fact, is more complicated than a direct numerical, evalua- 
tion of (1), using standard methods [3] to avoid the 
singularity in the kernel of h_(p) at t = a. The main 
difficulty in a simple evaluation of ~_ (p) appears to be a 
coupling of the functions g+(t) with the factor exp(-pt); 
the simple reduction below-does, in part, remove this 
complication. 
Multiplying (1) by exp (H/zp), for ~+(p) respectively, 
and differentiating the result throughout with respect 
to p yields 
In fact [2] h+ (0) is the Stieltjes transform of f(t) and 
h_(0) is the sum of the Stieltjes transform of f(-t) and 
the Hilbert transform of f(t)/n. Provided, then, that 
h+_(0) is known and that f(s) is well-behaved, a genuine 
analytical simplification of (1) has been made since (3) 
contains anon-singular finite integral which is easily 
approximated (but rarely directly integrable). 
As a particular example suppose f(t) = J0(rt), (r > 0), 
Bessel's function of order zero. The integral in (4) may 
now also be regarded as a Hankel transform and we 
obtain [4] 
h+ C0) = (~/2) (-+ H 0 (r a) - V 0 (r a)) 
where H 0 is Struve's function of order zero and Y0 is 
Bessel's modified function of the first kind of order zero. 
We also have [2], f(s) = (r2+s2) -1/2 which is well 
behaved, and so, for example, a simple trapezoidal for- 
mula can be used to evaluate the integral in (3). The 
small and large p behaviour of h_+(p) is easily obtained 
using standard procedures. 
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